Abstract. In this paper, we compute a formula for the a-number of certain hyperelliptic curves given by the equation y 2 = x m +1 for infinitely many values of m. The same question is studied for the curve corresponding to y 2 = x m +x.
Introduction
Let k be an algebraically closed field of characteristic p > 0. Let A be an abelian variety defiend over k. Let α p be the group scheme Spec(k[X]/(X p )) with co-multiplication given by
The group Hom(α p , A) can be considered as k-vector space since End(α p ) = k. The a-number a(A) defined to be the dimension of the vector space Hom(α p , A).
Let C be a (non-singular, projective, geometrically irreducible, algebraic) curve defined over k. One can define the a-number a(X ) of X as the a-number of its Jacobian variety J X . As a matter of fact, the a-number of a curve is a birational invariant which can defined as the dimension of the space of exact holomorphic differentials.
In this work, we consider the hyperelliptic curve X given by the equation
over k. We are going to determine the a-number a(X ) of X for infinitely many values of m.
The Cartier operator
The Cartier operator is a p-linear operator acting on the sheaf Ω 1 X of differential forms on X in positive characteristic. Let K(X ) be the function field of a curve X of genus g defined over an algebraically closed field K of characteristic p > 0.
Alternatively, The Cartier operator C :
We refer the reader to [ [1] , [2] , [12] , [14] ] for the proofs of the following statements.
. The dimension a(X ) of the kernel of C (or equivalently, the dimension of the space of exact holomorphic differentials on X ) is the a-number of X . The anumber a(X ) is the co-rank of A(X ) (or, equivalently, of A p (X ) = (a ij )). see [11] .
The Cartier operator and Hasse-Witt-matrix are dual to each other under the duality given by the Riemann-Roch theorem. Let B = {ω 1 , · · · , ω g } be a basis of the k-module of holomorphic differentials in A. Then the representation matrix M over k of C with respect to this basis is called the Hasse-Witt matrix.
If p > 2 and y 2 = q(x) defines a hyperelliptic curve of genus g over some finite field of charactertstlc p, then
is a basis for the vector space of hotomorphic differentials. Then the matrix A = (a i,j ), which represents the Cartier operator with respect to the above basis, is given by coefficient of
From this we recovering formula Stohr-Voloch from [13] ,
where q(x)
The following theorem is due to Gorenstein; see [[8] , Theorem12].
Theorem 2.4. A differential ω ∈ Ω 1 is holomorphic if and only if it is of the form (h(x, y)/F y )dx, where H : h(X, Y ) = 0 is a canonical adjoint.
The a-number of Hyperelliptic Curve y
For p > 2, a basis for the space of canonical adjoints of y 2 = x m + 1 is
Then by Theorem 2.4, a basis for the space
From Equation 2.1, the rank of the Cartier operator C on the curve X equals the number of i with i ≤ g such that for each w i =
From this we must have the equation of congruences mod p,
. The Equation 4.1 can be written as follows
For the rest of this section, M n := M(X ) is the matrix representing the p-th power of the Cartier operator C on the curve X with respect to the basis B. 
2.
If s = 2k and k ≥ 1, then the a-number of the curve X equals
Proof.
(1.) At first we cliam that rank(M sp+1 ) = k(p + 1) 2 , with m = (2k + 1)p + 1 and k ≥ 0. In this case, i ≤ g and Equation 3.2 mod p reads
Peculiarly
this h ≥ 0 and h < −3/2, a contradictions. Thus, rank(A p+1 ) = 0.
Let k = 1 then m = 3p + 1, in this case we have p 2 ≤ i ≤ 3p − 1 2 . We need to find the solutions h mode p of the above Equation 3.4. Then
Thus, we have two choices for l. From this we have 
Hence, 
Now our claim on the rank of M (2k+1)p+1 follows by induction on k.
Then a(X (2k+1)p+1 ) = (k + 1)(p − 1) 2 can be computed from
. (p + 1) choices for h, we have
Now our claim on the rank of M 2kp+1 follows by induction on k.
Theorem 3.2. Suppose that m = sp − 1 then, 1. If s = 2k + 1 and k ≥ 0, then the a-number of the curve X equals k(p − 1) 2 .
Proof. Peculiarly, if k = 0 then m = p − 1, where i ≤ g and Equation 3.7 be transformed into i ≡ h + 1 (3.8)
Thus, l = 0. That is, we have 
. We need to find the solutions h mode p of the above Equation 3.8. Then
Thus, we have two choices for l. From this we have p − 1 choices for h, and yielding rank(M 3p−1 ) = p − 1.
For k ≥ 2, and spacial n we can say rank(M (2k+1)p−1 ) equals rank(M (2k−1)p−1 ) plus the number of i such that there is h solution of the equation mod p i ≡ h + 1
Hence,
There are 2k different choices for l and 
From Equation 2.1, the rank of the Cartier operator C on the curve X equals the number of i with i ≤ g such that for each w i = 
